Introduction
The study of analytical solutions for empirical potential functions of diatomic molecules has been the object of many investigations for several reasons. For instance, in chemical physics [1] , an accurate potential energy curve is needed in the evaluation of spectroscopic constants and reactive scattering theoretical studies. In addition, accurate vibrational energies and wave functions are required in studies such as the vibrational excitation of electron-molecule collision which involves molecular vibrational excitation process.
Several potential functions has been proposed in the literature. A first simple empirical analytical potential function was proposed by Morse [2] and has been employed in a wide variety of problems in chemical physics such as in molecular spectroscopy [3] and in molecular dynamics simulation [4] . Another famous hyperbolic type potential is the Schiöberg potential [5] which includes the Morse, Kratzer and Coulomb potentials as special cases. More general potential functions have been constructed by Egrifes et al. [10, 11, 12] , based on the deformed hyperbolic functions [9] , and which are identical to the Tietz potential model for diatomic molecules [13, 14] . These q-deformed potentials have been widely used in different applications such as the quantum statistical theory [15] , the conformal field theory [16, 17] , the nuclear structures [18] , and the chemical physics [19] . For the above potentials, the Schrödinger's equation has been exactly solved for the sstates. For = 0 states, several approximate techniques have been proposed. We can cite the Nikiforov-Uvarov method [6] , the function analysis [7] , the asymptotic iteration [8] , and the Feynman path integrals [24, 25, 26] . In recent papers, some q-deformed empirical potentials have been addressed, such as Woods-Saxon [20] , the four-parametric deformed Schiöberg type [21, 22] and the q-deformed hyperbolic Poschl-Teller potential [23] .
Recently, Mustafa introduced a four-parametric deformed Schiöberg-type potential for diatomic molecules [21] . He computed the energy spectrum of the −states using the supersymmetric quantization in the Schrödinger framework. In this paper, we use the Feymann path integral formalism to solve this potential. In Section 2, we discuss the deformed Schiöberg-type potential and show some properties. In Section 3, the Feynman propagator is investigated using the Duru-Kleinert method to obtain the energy eigenvalues. In Section 4, numerical results for some diatomic molecules are given and compared with previous ones [21, 27] . Finally, some concluding remarks are given in Section 5.
The Schiöberg-type potential
Based on the original expression of the Schiöberg potential [5] , Mustafa [21] has proposed the four-parametric deformed Schiöberg-type potential:
where the q−deformation of the usual hyperbolic functions are defined by the following expressions:
On the other hand, empirical potential functions for diatomic molecules satisfy the following Varchni's conditions [28] :
where D e is the dissociation energy, r e is the equilibrium bond length, c is the speed of light, µ is the reduced mass, and ω e is the equilibrium harmonic oscillator vibrational frequency. (3) and (4), we can rewrite the potential (1) in the following form:
This improved Tietz potential has also been obtained for diatomic molecules in [29] . The analytical solutions of the Schrödinger equation with this potential have been investigated [30, 31] . Furthermore, applying Varshni's condition (5) gives:
with β = Ke 2De and η = 1 − 2α β . On the other hand, the Tietz-Hua oscillator potential [27] is given by:
where c h is an optimization parameter and
This potential is equivalent to the deformed Schiöberg potential (6) where η = c h and 2α = b h as shown in [21] . In next Section, we will take advantage of this equivalence when solving the potential (6) with the Feynman path integral technique by using the spectroscopic parameters of the diatomic molecules given in Table 1 .
Solving the Schiöberg-type potential with the path integral method
The basic idea for solving the studied potential with the path integral method is to find an appropriate space-time transformation to reformulate the initial problem in terms of a wellknown and already solved problem. Actually, many unknown path integrals have been solved by using their relation to known ones. This method has been discussed in detail in other papers (See references [24, 25, 26] ). We present here a brief summary of the essential steps involved.
Let's consider a spherically symmetric effective potential U ef f defined by the following:
The propagator for a particle of mass µ in the potential U ef f can be developed into a sum of partial waves of the form:
where P (cos θ) is the Legendre polynomial and the partial propagator K is defined by
This path integral (12) is not solvable for nonzero angular momentum states ( = 0). To overcome this difficulty, we use an approximation for
The constants C i can be obtained using a factorization recipe as done in [32, 33] :
From Table 1 , we note that η can take positive or negative values and so is q = −ηe 2αre . Consequently, the effective potential given in (10) can be put in the following form:
, b = 2α, P 1 = D e , P 2 = −2D e e 2αre + q , P 3 = D e e 2αre + q 2 ,
Depending on the sign of η, we will consider two cases in the following. We will show that these cases correspond to the deformed Manning-Rosen and the deformed Rosen-Morse potentials. Such a discussion has also been made previously for the particular case of the standard Manning-Rosen and RosenMorse potentials in [34] .
The potential (15) can be written as where
Using the translation y = r j − 1 α ln √ q, we can easily find the non-deformed potential:
where
The effective potential given by (18) is solved in [26] by the Duru-Kleinert method, based on the nonlinear space-time transformation
where (z, s) are the new space-time coordinates and
Therefore, we can write the propagator associated to the potential (18) in terms of the modified Pöschl-Teller one which is solvable and allows us to compute the following energy spectrum [26] :
with
3.2. Case η > 0 (q < 0) In terms of hyperbolic functions, the effective potential (15) takes the form
where y = r j − 1 α ln √ −q. This potential is similar to the Manning-Rosen one. To solve it, we use the following transformation, as done in [24, 25] :
This leads us to following spectrum
Results (25) and (30) can be combined into one expression
The positive and the negative signs (±) in (26) correspond to negative and positive values of q respectively.
Numerical results and discussions
We show on Figure 1 the variation of the four parameter potential (6) . Clearly, the depth of the potential remains constant when the parameter q increases from −1 to 1 (for instance).
We evaluated the accuracy of the energy levels expression (26) for different diatomic molecules:
We took here molecules with positive and negative values of q. We compared our results to those obtained with state-of-theart techniques: the numerical method [27] (reference method providing a ground truth), and the supersymetric quantization (SSQ) (with the same approximation of the barrier) [21] . Results are reported in Table 2, 3, and 4 . Surprisingly, our results are almost identical to those calculated by SSQ in most cases. Indeed, although they are fundamentally different, the two methods use the same approximation of the centrifugal term. In most of the other cases, our technique improves on the SSQ results. This is the case for instance, for the O 2 (X 3 Σ 
Conclusion
In this work, we presented and improved expression for the q−deformed Schiöberg potential energy function using Feynman path integral method and the equivalence between the studied potential and the Tietz-Hua oscillator potential [21] . We applied this method to calculate the spectrum associated to six diatomic molecules
Taking the experimental values for the spectroscopic parameters (D e , r e , η and α) as inputs, we calculated the numerical values of the energies associated to different n and . The obtained eigenvalues are in very good agreement with those given by the supersymmetric and the numerical method which proves the efficiency of our method in solving this type of potentials. In the future, we plan to apply this method to solve the Dirac and the Klein-Gorden equations for more general exponential-type potentials. 
